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Torsion tensors of the connections on Grassman’s manifold and

centered Grassman’s manifold

Olga Belova

Abstract. Grassman's manifold v =Gr(m,n) (space of m—planes L ) is considered in
the projective space P . Centered Grassman's manifold (space of centered planes,
passing through one point) is considered in the centerprojective space P’. Principal

fiber bundles are associated with them. A fundamental-group connections are given in

that fiberings. The torsion objects of the connections are introduced. It is shown /17,

[2] , that the given objects are tensors.

Introduction

We shall put a projective n—space P to moving frame /4,4,} (1,J.K,..=1n),

which infinitesimal displacements are defined by the formulas:

dA=6A+ @' 4, dA, =64+ A+ A(l)
The Pfaffian forms o', !, o, satisfy the Cartan's structure equations of
the projective group GP(n), acting in the projective space P :

T 7 _ K 7 1 K i T
Do’ =&’ n@), Do, =&} no, +5,0, A0 +0, A0 Do, =0 A®,.(2)
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Grassman's manifold

In the space P, we shall consider Grassman's manifold ¥ =Gr(m,n) of all m—
dimensional planes L . Let's produce specialization of the moving frame (4,4 ,4 ;
(a...=1Lm; a,...=m+1In), putting the tops 4,4 on the plane L . The equations of
stationarity of the m—plane L have the form: «*=0, »*=0. The dimensionality of
Grassman's manifold is equal to the quantity of basis forms, i.e.

dimV = (n—m)(m+1).

The principal fiber bundle G(7 ) is constructioned over Grassman's manifold v,
the subgroup G of stationarity of the plane L is the typical fiber and Grassman's
manifold 7 is the base. The projective group GP(n) is the fibering and the projection
7:GP(n)—V maps to any element of group GP(n) the plane L e¥ which is invariant
under an action of this element. The principal fiber bundle G(7) has principal factor
fiber bundles #(v) The typical fiber of the #(v ), the factor group H, actions on the
plane £ and on the dual plane.

In the principal fiber bundle G(¥) we shall set fundamental-group connection
by G.F. Laptev's method. The group connection object 7~ has /37 subobject

I =L T L T T T L T,
which giving connection in the factor fibering #(7) by means of the forms

a° = 0" _Luwa_l—vubwa’
a a b

Substituting into the structure equations of the basic forms o?, o” of

Grassman's manifold the connection forms, we come to the following equations:

DO =-* N+ 0P ND* +S% P AW + S A + S’ A,
a B Br By a By a b
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D& = A&’ + 0 ND} — 0" "D +S5% & N +5% & N/ + Sl A,
a a a B a afly afly b afy b ¢
where the components of object s are expressed under the formulas:
a _ Ja oa _ yoa ara oab _ _ So [ab a _ _ So
Sﬁ}/ L[/iy]’ Sﬁ7 rﬁy +57 Lﬁ’ Sﬂ}/ 5L/ir7 7. Saﬁ7 5[,3]:17]’
ob _ _sayyh arb _ shra abe — _ sa plbe [b ac
Saﬂ7 5ﬂHa7+57Laﬂ §aL}ﬁ, SGM 5L/iray ]+§a FLﬁy]'(j)
Square brackets mean antisymmetrization on extreme indexes. The right parts
of the given equalities contain only components of subobject 7, we shall name,
therefore, object s the torsion object of subconnection 7.

Taking into account the differential comparisons of the components of
subobject I, /37, we come to comparisons modulo basic forms o, »”:
a oa o a — oa _ Qoa b oba o ,a —
ASﬁy+S[ﬁy]a)a+Sa[ﬁHa) =0, ASM Sbﬂya) +2Sﬂy a)b+2Sﬂy(0 =0,

oab _ Goab ¢ _ gala bl — o ab _ Qo —
ASﬁ;' Svﬁ;'w SL;ﬁJw =0, ASaﬁ7+Sa[ﬁ7]wb Sﬁywa =0,

ab a b ach ,y _ Qob,, — obe _ qobe,y _ galb el
ASaﬂ7+Saﬁya) +2S0ﬁya)c Sﬁya)a_o, ASaﬁy Sﬁy o, Sawa) =0,

from which it follows

/ / — o oaa Qoab Qo ob obc
Theorem 1 The torsion object S={S S S S S L Sa ) of the
subconnection I, of the fundamental-group connection I" on Grassman's manifold

Gr(m,n) of m—dimensional planes in the projective space P, is a tensor and none

proper subset of it components is not a tensor.

Centered Grassman's manifold
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In the space P we shall consider centered Grassman's manifold V’=Gr’(m,n)

(a family of m—dimensional planes, passing through one point). Let's produce

specialization of the moving frame ;4,4 ,4_;, putting the top 4 in this point and the
tops 4, on the centered plane L =/4,4 . At fixing a point 4 we have identities
o' =0, transforming the space P in centerprojective space P'. From the formulas (1)
we can see that the equations of stationarity of the plane L' e’ have the form:
w*=0. The forms * for the centered Grassman's manifold 7’ are basics,
dimV’ =m(n—-m). From (2) we have the structure equations of the basic forms:
Do’ =’ A(&ja);‘ —5;‘60:’).

The principal fiber bundle G*(¥?) is constructioned over centered Grassman's
manifold »’, the subgroup G* of stationarity of the plane L ¥’ /4 is the typical
fiber. In the principal fiber bundle G*(¥’) we shall set a fundamental-group

connection by G.F. Laptev with help of the forms:

in which there are the components of the connection object 7~ /47 .
Substituting into the structure equations of the basic forms »* of the manifold
v? the forms of dual line connections @, @;, we come to the following equations:
Do = af INCHH —5;5):)+Sjﬂ”;’wf INCS
where the components of object § are expressed under the formulas:

obe — slboc 7_ se ylbe
Sa/iy 50 FLﬁy] 5L,6F7 I

This object s is a torsion object of the pair of dual line connections

(I Iy pcr. Taking into account the differential comparisons of the components

rw. Iy of the connection object 7°, we come to comparisons modulo basic forms:

10
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obe —
A5 =0,

Theorem 2 The torsion object S={S%:} of the pair of dual line connections of

centered Grassman's manifold Gr’(m,n) is a tensor.

Remark 3 The space 11 of all centered m— dimensional planes was studied in
the work [5] . It is said that the torsion object of the group subconnection in the space

1T is quasi—tensor. At normalization of the space of centered spaces this quasi—tensor

becomes a tensor.
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HCCB}IO-EBKJII/UIOBI)I N €BKJIN/JI0BbBI JIBUKCHUA

Muaka A.

AHHOTanus. 3naraercs HOBas reoMeTpusi NCEBAOCBKJIMIOBBIX JIBHXKCHUM.
Ona wuHMLUUpYeTCS W3BECTHbIMM THpeoOpasoBaHusiMu A.B. IloropenoBa map
MU30METPUYHBIX IIOBEPXHOCTEM B HEEBKIMAOBBIX IIpOCTpaHCTBax. Pacmupenue
o0nacTd MNPUMEHEHUs H3TUX [peoOpa3oBaHMN  YCTAaHOBIMBACT NpPsSMble U
€CTECTBEHHBIEC CBSI3M MEXIY IICEBIOEBKIUIOBbIMU U E€BKJIMIOBBIMU [BUKCHUIMU,
BBICHSIET ONPEIEIIIOLIYI0 POJIb JOPEHLIEBA MHBAPUAHTa JABIKEHUS - KBaAPAaTUYHON
JUIMHBl BEKTOpa W JAOHOJHAET pe3yabrarsl . MHHKOBCKOTO O T€OMETpUYECKHUX
OCHOBAaHUSX CIELUAIbHON TEOPUU OTHOCUTEIBHOCTH A. DUHIITEHHA.

KirodeBbie c€JI0Ba: JUIMOTHYECKOE M THIIEPOOIMYECKOE IPOCTPAHCTBA,
KECTKOCTh  BBINMYKJBIX MOBEPXHOCTEW, IMpeoOpa3oBaHUsl Nap HU30METPUYHBIX
IIOBEPXHOCTEH,  IICEBJOEBKIMAOBBI  JBWKEHHUS, €BKJIMIOBA  HHTEpIIpEeTaLUs
NICEBOEBKINIOBBIX JBMXeHUIIPaboTa moanepxana "biaroTrBopuTeNbHBIM (OHIOM

ABEK" (r. XapbpKoB).

IIpeoOpasoBanus Iloropesosa

B 1958 r. IloropenoBbiM AJi YETbIpEXMEPHBIX MPOCTPAHCTB OBLUIU HaileHbI
YAMBUTENBHO MpocThle U 3(dekTuBHble TeomeTpuueckue ¢yHkuun [1]. Vmwu
npeoOpa3oBbIBAJIaCh IMapa HW30METPUYHBIX TMOBEPXHOCTEH (WM JABMXKEHHE) B

AIUTUNTUYECKOM HWJIM TUIMEpOOIMYECKOM MPOCTPAHCTBE B IMapy H30METPUYHBIX
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MOBEPXHOCTEW (COOTBETCTBEHHO B JABM)KEHHME) B €BKJIHMAOBOM IpocTpaHCTBe. Mmu
TaKke MpeoOpa3oBbIBAjIach Mapa M30METPUYHBIX MOBEPXHOCTEH (MM JABUKEHUE) B
€BKJIMJIOBOM MPOCTPAHCTBE B MMapy U30METPUYHBIX TOBEPXHOCTEN (COOTBETCTBEHHO B
IBUKEHHE) B AIUTMOTHYECKOM WM TUIEpOOIMYECKOM mpocTpaHcTBe. HazHaueHunem
npeoOpa3oBaHil  SBISUIOCH  MEPEHECEeHHWEe Ha  HEEBKJIMIOBBI  MPOCTPAHCTBA
YCTAaHOBJIEHHOW JJIi  €BKJMJIOBAa IPOCTPAHCTBA TeopeMbl 00 OAHO3HAYHOMN
OTPECNIEHHOCTH (JKECTKOCTH) OOIIMX 3aMKHYTBIX BBIMYKJIBIX TMOBEPXHOCTEH UX
BHYTpPEHHEN METPUKOH [2].

OpHako, TOJNIOKUTEIBHBIA  pe3yabTaT ObUI  JOCTUTHYT  TOJIBKO  JUIS
ammunTHdYeckoro  mpoctpaHctBa  [3].  Hns  mpoctpanctBa  JloGaueBckoro
COOTBETCTBYIOIIAs TEOpEMa O KECTKOCTH JJIUTENIbHOE BpeMs - 10 1980 r.; Muika [4],
pemienue mpobiembl lloropenoBa [2] - ocTaBanach HemOKazaHHOW. TpymHOCTH
COCTOSUIM B TOM, YTO B FMIIEPOOJIMYECKOM BapHaHTE PacCMAaTPUBAEMble TOBEPXHOCTH
peoOpPa3oBBIBAIUCE B EBKIHUOBO IMPOCTPAHCTBO B HEBBINYKJIbIE IMOBEPXHOCTH.
[IpuMeHUTH B 3TOM Cilyyae TEOpeMy O JKECTKOCTH ISl €BKJIMI0BA IPOCTPAHCTBA, IO
AQHAJIOTMU C DJUIMOTHUYECKMM BapUaHTOM, OKa3ajJochb HEBO3MOXHBIM. Hano ObL10
UCKaTh Apyroe peueHue. Pemenue Obu10 MoiyyeHo B [4] mepexonoM K JOKAJIbHOMY
PAaCCMOTPEHUIO M30METPUYHBIX BBINYKIIBIX IMOBEPXHOCTEH C MPUBICUEHUEM METOJA
BIOXXKeHUs PemeTHsika [5], ucmnonap3oBaHueM TeX ke mpeoOpaszoBanuii [loropenosa u
IIPUMEHEHHEM IeOMETPUYECKOro npuHuuna makcumyma Iloropenosa [2].

'

YroObl MpUATH K TaKOMYy pEHIeHHI0 HeoOxoaumo Obuio "...pa3oOpaThecs B
CO3/1aBIIEMCS TIOJIOKEHUU, HAYYUThCS BBIICISATh TO CYIIECTBEHHOE, YTO OTHOCHUTCS K
cCaMUM M3y4aeMbIM OOBEKTaM [M30METpHUSi W JBW)KCHHE|, W OTOpachiBaTh TO
CllydaifHOe, YTO MPUBHECEHO MPOM3BOJIBbHBIM BbIOOpOM..." [6]. Heobxoaumo ObL10
KaueCTBEHHO OOBSCHUTh W  TEOMETPUI0  MpPeoOpa3oBaHHl  M30METPUUYHBIX
MOBEPXHOCTEH, W ONPENENAIONIe IMapaMeTpbl JIBIDKEHUH B CBKIUJIOBOM H

MICEBIOCBKINI0BOM MPOCTPAHCTBAX, C KOTOPBIMU CBSI3aHbI 3TU MpeoOpa3oBaHUs, U

B3aMMHYIO 3aBHCHUMOCTH 3TUX JBHKeHUU. OcoOblli MHTEpeC BbI3bIBAJIA T€OMETPUs

14
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MICEBJOEBKIINIOBbIX ABMKEHHUM MPU paCHIMPEHUU OOJACTU NPUMEHEHHS YKa3aHHbIX
npeoOpazoBaHuii. [IeHCTBUTENBbHO, 3TUMHM TPEOOpPA30BAHUSIMU TUNEPOOTMUESCKUE
IBUKEHUSI - 4Yepe3 EBKJIMIOBBI JBIKEHHUS - OTOOpaKaroTCsl B AIUTUINTHYECKHE
aBKeHus. TeM caMbIM HHIyIUPYETCs OTOOpaKEHUE BPAIlEHUH U3 IICEBI0CBKINI0BA
B E€BKJIMAOBO MpocTpaHcTBO. MccnenoBanue CBONCTB OTOOpa)keHUsS JIBHXKEHUI,
npoBelleHHOe B  pabore [4] s pelieHus nOpodiieM  M30METPUUYECKUX
npeoOpa3zoBaHMii, NPEJOCTAaBUIIO KOHCTPYKTUBHYIO HH(OpPMALMIO U O caMHX
ABWKEeHUsX. Ha 3TOM OCHOBaHMM HaMU M3JIaraeTcsi T€OMETPHsl MCEBIOEBKIINIOBBIX

I[BPI)KGHPIﬁ, KOTOpast AOIMOJHACT KIIACCUUCCKHC PC3YJIbTAThI.

FCOMeTpI/Iﬂ NNCEBA0CBKJINI0BBIX I[BI’I)KeHI/Iﬁ

PaccmaTtpuBaeTest IICEBAOEBKIMIOBO MIPOCTPAHCTBO E"" PasMEPHOCTU n+s C
MHJEKCOM uHepumu s . [IycTh e (i=1...n+s) - OPTOHOPMHMPOBAHHbIA Oa3uC B £ W3
CIMHUYHBIX e (i=/..n) W MHMMOEIUHUYHBIX e (i=n+l..n+s) B3AUMHO

OpPTOrOHAJIbHBIX BEKTOpPOB. Jlamee mpuMeHstOTCS 00O3HAayYeHHs: Ui BEKTOpa z C

KOOpANHATAMU ZnZ, s Z e Z - z=1ze, +...+ ze + Z 1€l +...+ Z s 5 JJIs

CKAJEIPHOI'O IMPOU3BCACHUSA BCKTOPOB x U y - xy= Xy, to.txy —x y ,—..=X Y 5
= 2.2 2_ 2 2

JUIS KBaJIpaTUYHOU JUIMHBI BEKTOPA z - z° =z, +..+z -z  —..—z . Hac unrtepecyror

npeobpazoBanus E£'* B ceOs, I yNPOLIEHHS - C HEMOABMIKHBIM HAyajloM OTCYETA

BEKTOPOB o, COXPAHSIOIINE KBAJPATUYHbBIE PACCTOSAHUS MEKIY TOUYKaMHu. OUYEBHIIHO,
WHAYLHUPYEeMble TaKUMU MpeoOpa3oBaHUsIMU MPEOOPa30BaHUSI BEKTOPOB COXPAHSIOT
CKaJIApHBIE MPOU3BEICHUS.

Jlemma 1. Ilycmo ¢ E™ —E"™ - npeobpazoeanue, coxpamnsioujee

Kéaopamuunvle pacCcmosHus mexcoy moukamu. H nycmo e =g(e, ):Zaijej -
J

coomeemcmeyroujee npeo6pa306aHue OazucHbIx 6EKMOPOE6. Toeoa BEKNMOpbl e -

15
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JUHEUHO He3aesucumvle u mampuya Hay|| - OPMOCOHANIbHAA,  CMPOKU MAaAnpuysvl

npeocmaensaiom eOuHuynvle (i=1,.,n) U MHUMOEOUHUYHbIEe (i=n+1,...n+s) B3AUMHO
OpMO2OHAIbHbBIE 6EKMOPbI.

Loxazamenvbcmeo. JI0OCTaTOYHO  YCTAHOBUTH JIMHEWHYIO HE3aBUCUMOCTH
BEKTOPOB e . IlyCTh 5TH BEKTOpHI - JIMHEHHO 3aBUCHMBIC. Toraa BBITOJHIETCS
paBeHCTBO, B KOTOPOM HE BCE€ KOHCTaHTBI A W 4 PaBHBl  HYJIO:
de +.+Ade =ue +.+ue . llepenneMm K pPaBCHCTBY KBaJIpaTOB BEKTOPOB:
A+ . +A=—p—.—u’. B oTOM paBEeHCTBE cjieBa - HEOTPHUIATEIbHAs, CIpaBa -
HEMOJIOKUTENbHAS BeanYnHbl. Clie10BaTeIbHO, BCE KOHCTAHTBI A U 4 PAaBHBI HYJIIO.

[Tpum k npotuBopeunto, u Jlemma nokasana.

Teopema 1. Ilpeobpasosanue ¢:E'* — E"™*, coxpansioujee KeaopamuyHvie

pPAaccmosHusA Meafcdy mo4yxkamu, ecmbv JUHEH0e 83aUMHO 0OHO3HAYHOE 0m06pa9fceHue

x=YXe —>x=yxe npocmpancmeéa E' Ha ceba. Omo npeobpazoeanue

npeocmaeisem ncegooeGKIU0080 O08UdNCEHUE - 8paujeHue 60Kpye Hadana o. OHo

ONUCHIBAEMCS AHATUMUYECKU CUCMEMOU TUHEUHbIX yPGGHeHI/HZ C 0pm020HaJleozZ

mampuyeu.
X I B B R e R T el S
X = a x+.+a ‘x —a -x —..—a - X
n nl 1 nn n nn+1 n+l nn+s n+s
¥ = _ X = = . . . *
xn+1 an+11 xl an+1n xn + an+1n+1 xn+1 toot an+1n+s xn+s ( )
X = —a ‘X, —..—a . _-x +a ‘X 4. +a - X
n+s n+sl 1 n+sn n n+sn+l1 n+l n+sn+s n+s

Hoxasamenbcmeo.  PacKpbiBaeM  CUCTEMY  PaBEHCTB  (x—e )’ =(x—e )’

(i=1,.,n+s). [lomyyaeM OJHO3HAYHO PA3PEHIMMYI0 CHUCTEMY JMHEHHBIX YpaBHEHUI
(*) st KOOpPAMHAT BEKTOpPa x C OTIUYHBIM OT HYJIS - 1O JieMMe | - ompezaenuTesem.

Teopema noka3zana.

16
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JHlanee Oyner ymoOHO paccMaTpuBaTh CHUCTEMY ypaBHeHUW (*) He Kak

MHTEPIPETALUIO IBUKEHUS ¢ x — x, @ KaK IPeJICTaBJIeHUEe OOPaTHOIO MY JBH)KECHHUSI

¢~ :x—x BIIPOCTPAHCTBE E"", JAaHHOE JIMHEHHBIM IIpeoOpazoBanueM (*).

Jlemma 2. Jluaconanvhwie noomampuyvr mampuysvl oeudxcerus (*) ¢

noOJ0HCUMETbHbIMU KoaqbqbuuueHmajvzu npu si1emMeHnnmax a, - He@bZPOOfC()eHHble, OHU

UMEIOm He pasHble HYH0 onpeoeumeru.

Loxazamenbcmeo. Ero [OCTaTOYHO U3JOXKUTH - 37€Ch  ITOAMATPULIBI
DKBUBAJICHTHBI - JUI JIEBOW BEPXHEM AMArOHaJbHOW moamarpuusl. Jlomyctum, 4To
YTBEPKJIEHUE JIEMMbI HE BBINMOJHAETCS. Toraa cToiOupl 3TOM moaMaTpuibl OyayT

JIMHEHMHO 3aBUCHUMBIMU C HCKOTOPBIMU KOB(I)(I)I/II_II/IGHTEIMI/I o 1HopAaKy x ,..., x , HC BCC

U3 KOTOPBIX paBHbl Hymt0. [loacTaBum B ypaBHEHMs NBHKEHUS (*) KOOpAMHATEHI

BEKTOPA (x,,...x ,0,..,0). KBagpaTuyHas AjamMHa 5TOro BEKTOpa monoxurenbHas. Ho on

npeoOpasyercs B BEKTOP C HEMOJIOKHUTENbHON KBaJpaTUYHOW HiuuHOW. [lpumumm k
[IPOTUBOpEUNIO, U JIemMa oka3aHa.

BBenem Ha KOOpAMHATHOM MHOrOOOpa3suM IPOCTPAHCTBA E" IapajlIelbHO C

HCGBHOCBKHHHOBOﬁ MeT‘pHKOfI CBKIIMAOBY MCTPUKY M OTBCHAKOHICC en CBKJIINIOBO

MpOCTpaHCcTBO E". JIns OTIMYMS, BEKTOPhl M TOYKU TMPOCTPAHCTBA E"* Oyaem

0003Ha4aTh CTPOKAMM (X,....X ,X

ey X
n’ T+l U nts

) W (x,..x X ,..X ). JTO IPEIIAracTcs ¢

n’ " ntl’T nts

TOM 11eJIbI0, YTOOBI JBMKEHUSM TICEBIAOCBKIIU0OBA MPOCTPAHCTBA E"™ COMOCTaBUTh

KaKk HX CBOGO6p&3HYIO rCOMCTPHUYCCKYIO pPCaIM3allil0 CBKIWAOBBI JIBUKCHU

€BKJIMJIOBA MMPOCTPAHCTBA E"* .

TeopeMa 2. HyCWIb o’ .'x—>x:(x1,...,x X xnﬂ)—>()_c],...,x

n, }'H’I,.“, n

osudicenue ( epawenue 60Kpyz Hayaia o) 6 npocmpancmee E',  3a0aHHOe

npeobpazoeanuem (*). Tozoa omobpasicenus (x,,...x X ,..x )=>(X,..xX X X )

n’ntl’ n+s

U (x,,...x X )>(X,..% X X ) Cymb npamoe u obpamHoe eeKiu006b

X
n’ T+’ n’ " n+l’

osudiceHus ( 8paweHuss 60Kpy2 Hadana o) 6 npocmpamcmee E™* . Mampuyel smux
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EBKAUO0BBIX OBUNCEHULI BNOJIHE ONPEdeNOMCs HAONEeHCAUMU PEULeHUAMU CUCTEMbL
ypaeuenuii (%), coomeemcmeyrouyue  Nnce8O0esKIUO08bIM — OUACOHATIbHBIM
nOOMampuyam OUG2OHANbHbIE NOOMAMPUYbL IMUX OBUNCEHUL, BEPXHASA Ne6ds U
HUDICHASL NPABAsl, - 0OPAmHble K NCe800EBKIU08bIM NOOMAMPUYAM.

Hoxazamenvcmeo. Ilycts (x,,..x ,x X ) - IPOU3BOJILHO BHIOpAHHASI TOYKA

n’ " n+l’  nts

B E"*. PaccMOTpuM mepBble n CTPOK MpeoOpazoBaHus (*) Kak cucTeMy JHHEHHBIX

YPAaBHEHMH U1l KOOPAMHAT x,,...x C 3aJaHHBIMH KOODAMHATAMH X,..X M X ...X

1" n+s
Tak xak o Jlemme 2 OIIPCACIINUTCIIb CUCTEMBI OTJIMYCH OT HYJIsA, TO CUCTCMA MMCCT,

X B

n+1”"" Tnts

OprUTOM CAMHCTBCHHOC, PCIICHUC X ,...x . HO,ZICT&BJISIH 3HAQ4YCHHUA x ,...x ,X

MpaBble YacTH CJEAYIOIIMX s CTPOK MpeoOpasoBaHus (*), HAXOAUM KOOPJIUHATHI

x .. TeM cambIM ONpPENENAOTCS IBMXKEHHE ¢ x—x B E' U NEPBOE

X
1’ U nts

OTOOpaKEHHE (X,,...X ,x X, )=>(x,..x X X ) B E™ , yKa3aHHOE B TEOpPEME.

n’ "+l U nts n’ " ntl’ Unts

[loniyueHHOE OTOOpa)K€HUE COXpaHAET HaA4YaJlo o M COXPaHAET EBKIUJOBY
KBaJpAaTUYHYIO JUIMHY BeKTOpoB. CnenoBaTenbHO, mo TeopeMe 1 (oOocHOBaHME
JAeTCsl TI03XKE), OHO €CTh JABMKEHUE B E™° (BpAlllEeHHME BOKPYI Hayaja o). DTH Ke
CBOICTBa yCTaHABIIMBAIOTCS W NIl BTOPOTO YKa3aHHOTO B TEOpeMe OTOOpaKeHUs B
E™ . YTBEpXKJIEHUS TEOPEMbl O MOJAMATpUIlaX M TO, 4yTO 00a JBUXKEHUS B E"*
B3aMMOOOpaTHbIC - OYeBUAHBI. OUYEBUIHO TAKXKE, YTO TMCEBIAOEBKIMIOBY JBHKEHUIO

@:x — x COIIOCTABJIAIOTCA TC K€ CaMbIC CBKJINMJOBbBI IBUKCHMA. TeopeMa JOKa3aHa.

Teopema 3. Ilycmo (X,,.X x ) - oeudxcenue (

, nH,...,xnﬂ)—)(x],...,x X

ey X
n’ T n+l’  nts

8paujeHue GOKpye Hawaia o) 8 NpocmMpaHcmee E"™,  3a0aHHOe JIUHEUHbIM
npeobpazoearuem. Ilycmo nesas 6epXHAA n-MepHAs (NPABAS HUNCHASL s -MepHAasl)
OUQ2OHANbHASL NOOMAmMpuya 3mo20 nNpeodpazoéanus - HesvipodcoenHas. Tozoa
npasas HUMNCHAA s-MepHas (1e6as BepXHss n-MepHas) OUACOHANbHASL NOOMAMpuyd

npeobpasoeanus 6  E™ -  makoce  HEeGbIPOMCOEHHAs, U  0moOpadCeHuUs.

(xl,...,x X ,)_cnﬂ) u ()?1,...,x

n’ T ntl’"

X ) (F T X

n’ " n+l’"

X x )—>(x],...,xn,x

n’ T ntl’ Unts

XL ) cymb

nel?

npsamoe u obpamHoe ncegooesKIuUd08ul 0gudcenuss ( 8paujeHus 60Kpy2 Havanda o) 8
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n+s
npocmparcmee E™ .

OTta Teopema - oOpaTHas K TeopeMe 2, J0Ka3aTeIbCTBO MPOBOAMUTCS 10 TOW JKe

CXEMC.

3akjaouenue

Teopema 1 u3BecTHa, HO ee OOIICNIPUHATHIE B JUTEpAType (HOPMYIUPOBKU
pacumpensl. B [6, cTp. 263] JUHEHHOCTh OTHECEHA K YCIOBHSIM TEOPEMBI, UTO
000CHOBBIBAETCSI ABTOPOM "HACJIEICTBEHHON" MNPUYUHOMN - JTMHEHHOCTHIO rajuiieeBa
npeoOpa3oBaHusl; TMHEHHOCTD Mpe/noaraiachk, kak noguepkunain Ilyankape, camum
Jlopenuem [7]. B [8, ctp. 111, 112, 536] nomonHuTenpbHO TpeOyeTcs B3aumMHas
OJIHO3HAYHOCTh TMpPeoOpa3oBaHUs NPOCTPAHCTBA Ha ce0s, MU B JIOKA3aTEJIbCTBE
TEOpPEMbl ~ MPUMEHAETCS  CIOXKHBIA  Tpu3HAaK  JiMHeWHoctH  (adduHHOCTH)
npeoOpa3oBaHusl, KOT/Ia MpsiMbIe MEPEXOAT B MpsiMble. B XxpoHoreomeTpuu - mIkojia
AJlekcaHApoBa - YCJIOBUE TEOPEMBbl O COXPAHEHMHM KBaJPaTUYHOIO PACCTOSHUS
MEXJy TOUYKAMHU 3aMEHSIOT TpeOOBaHUAMH OHEKTUBHOTO COXPAHEHHS CBETOBOTO
KOHyCa, MpUYEeM B JOKa3aTelIbCcTBaX TaKXe NpUMEHseTCS Mpu3Hak adduHHOCTU
npeoOpa3zoBanus. Jleqo B TOM, YTO EIbIO U MPEIMETOM XPOHOTCOMETPUM, HAUYATON
pabotoii [9], ABigeTCS U3ydeHUE TIIYOOKUX CBSI3EH MEXKAY NMPUUMHHO-CIICCTBEHHON
U MPOCTPAaHCTBEHHO-BPEMEHHON CTPYKTypamMu COOBITHI B CHEHUAIBLHON TEOpPUU
OTHOCHUTENILHOCTH, TpeioxkeHHoe DokoM kak mpobiema AnekcanipoBy. TpyaHocTu
J0Ka3aTeIbCTBA TEOPEMbl B TaKMX HEMPOCTHIX YCIOBHSIX OOCykIaiuch PaieBckum
[6, cTp. 264, 265]. Hamm ¢opmyaupoBKka U J0Ka3aTeJIbCTBO TeOopeMbl 1 -
F€OMETPUUYECKH ONTUMAJbHBIE: B HUX HE MPEANOJaraloTcd HHU JMHEHHOCTb, HU
HEMPEPBIBHOCTh, HM OWEKTUBHOCTH PacCMaTPUBAEMOTr0 MPeoOpa3oBaHUs, MPUUEM
BMECTE C JJeMMO# 1 pe3ysbTar pacnpoCTpaHsIeTCsS Ha €BKIUIOBBI MPOCTPAHCTBA - TIPH
WHJIEKCe HMHEpIUU s=0 (0OOCHOBaHHE MPHUMEHEHHS TEOpeMbl | B JOKa3aTEIbCTBE

TEOPEMBI 2).
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Kak yxe ormeudanoch, mnpeoOpa3zoBanusiMu [loropernoBa  BpalleHHIO
MICEBJIOEBKJINIOBA MPOCTPAHCTBA E€CTECTBEHHO COIMOCTABIIAIOTCS B3aUMOOOpATHBIC
BpallEHUsI €BKJIMJO0BA IIPOCTPAHCTBA. JTO CTUMYJIMPOBAJIO IMOJYYEHUE pE3ysbTaTa,
chopMynupoBaHHOTO B Teopeme 2. Hamu paercs npsiMoe 10Ka3aTeabCTBO TEOPEMBI, B
KOTOpOM HE TMpUMEHAITCS mpeodpa3zoBanus [loropemoBa, B cBoe BpeMms
MOJICKAa3aBIIME aBTOPY 3Ty HEOXUJAHHYIO Teopemy. [loBunumomy, 3Ta Teopema
pacnpocTpaHseTCcsl TakKXK€ Ha IICEBJIOOPMHUTOBBI U SPMUTOBBI MeTpuku. K
00OCHOBaHMIO 37IeCh MOXHO Ha3BaTh MpPUMEpP OTOOpPaKEHHsI JIBIXKEHUW st
JIBYMEPHBIX KOMIUIEKCHBIX MeTpuk B [10, ctp. 103]. Ilepexom K KOMIUIEKCHBIM
MeTpUKaMm Juisi reomeTpun "B 1enom" BakeH. Kon-Poccen mnpeanonaran
BO3MOKHOCTh OOBEIUHEHUS TPOOJIeM OJHO3HAYHOCTH TOTPYKEHHUSI METPUK H
MOJIOKUTEIBHOM, M OTPULATEIbHOM KPUBU3HBI IEPEXOJOM K KOMIUIEKCHBIM
Metpukam [11, cTp. 74, 85].

Teopema 2 nmonosiHseT  pe3ysbTarbl  MHHKOBCKOIO,  OTKPBIBILIETO
Ir€OMETPUYECKUE OCHOBAHMS CHELUAIBHON TEOPUH OTHOCUTEIBHOCTH ONHIITEHHA.
Ota Teopema HarsAHO TMOKa3bIBACT M PaBHONpPaBUE NPOCTPAHCTBA U BPEMEHU, U
OTPa)KEHHUE HTOTO PABHOIPABUs B PABHOIPABUM SIBICHUM 3aMEJICHUS BPEMEHU U
COKpAIlleHUs! JUIMH B WHEPIMAIBHBIX cHcTeMax. B mareMaTtndyeckoMm IutaHe oOIen
MPUYMHOM ATUX SIBICHUW CIIY)KUT HEBBIPOXKIEHHOCTh JMArOHAIBHBIX MOIMATPHII,
MOKa3aHHas B JJEMME 2; OTMETUM, YTO HEBBIPOKICHHOCTh JMArOHaIbHBIX MOIMATPHIL
MpUMEHAETCST B JIATEpaType  JJIsl  XAPAaKTEPUCTHKUA  TPYNIbl  JIBMXKEHUHN
MICEB/IOEBKIINIOBA MPOCTPAHCTBA KAK COCTOSIIIEH U3 YETHIPEX CBA3HBIX KOMIIOHEHT [0,
ctp. 207]. DOtu sBIEHUS XapakTEpHbl €HIe U TEeM, 4YTO UM (AKTUYECKU
COTOCTABJISIIOTCSL MPSIMOE W OOpaTHOE JBUKEHHUS B EBKJIMIOBOM MPOCTPAHCTBE.
Teopema 2 pmaer Takke CBOEOOpPA3HYI0 TI'E€OMETPUYECKYI0 HHTEPIPETAIUIO
(U3MYeCKOro NPHUHLMIA OTHOCUTEIBHOCTH, OH IHepedopMyIupyeTcss uepe3
PAaBEHCTBO KBAJpAaTOB BEKTOPOB IpPHU JBH)KEHUSIX B MHOIOMEPHOM €BKJIMIOBOM

MPOCTPAHCTBE: "30ech, HO 6 Mo épems" paBHO "mam, HO 6 a3mo epems". Jlnsa oOiero,
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He 00s3aTe’bHO JIOPEHIIEBAa MPOCTPAHCTBA BpPEMSI €CTh BEKTOP, B (PU3UKE TakKoe
MIPOCTPAHCTBO - YETHIPEXMEPHOE, C MHAECKCOM HMHepuuu 2 - paccMmatpuBan ['€énenb
[12, ctp. 97]. Teopembl 2 W 3 TOJTHOCTBIO ONPEACISIOT COOTBETCTBHUE MEXKITY
EBKJIMJIOBBIMA W TICEBIOCBKJIMIOBHIMU JBWIKEHUAMH. BeposTHO, 3TH pe3yJbTaThbl

3aMHTEPECYIOT (PU3UKOB.
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On the 2nd type curvature induced on plane distribution in

projective space

Olga Omelyan

Abstract. In many-dimensional projective space plane distribution is
considered. The group connection curvature of the 2nd type, induced by composite
clothing of the plane distribution, is constructed. It is proved, that an immovability
of pair planes, namely, Cartan's plane and Bortolotti's hyperplane in case of
holonomic distribution implies the vanishing the curvature tensor of the 2nd type.
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Curvature tensor - Composite clothing
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In paper indexes take on the following values:

I,...=1Lni,...=1ma,...=m+1n.
. . .. P . . .. . NS
1. In 7-dimensional projective space “» we will consider distribution "~
[1,2] of m-dimensional centered planes F.. The distribution is defined by the
a)a = A9 J AI — {AZ]}

equations “ ~“® . Components of fundamental object of the 1st order

of ¥ satisfy the following differential comparisons modulo basic forms @':
a a —-0)- a _— a a j a K b . a
A4 _éJa)i =0;44, =dA, _Aijij - Ao + A0
where % generalized Kronecker symbol.

Earlier the composite clothing of the distribution NS, has been made [3,4]. It

1s consisted in assignment on it of two analoges of Cartan's plane and Norden's
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normal of the 2nd kind, namely,
Cnfm—l : Pr: ® Cnfm—] = Pn ’ Nm71 FA® Nm—] = P/;’

and the clothing planes are defined by aggregate of points

B =4 + /1;/1[, +4 .4, B =4 +AA

The object A=A 204) i a clothing quasitensor, containing 3
subquasitensors ﬂa, (%4 and % Expressions for differentials of the points B,

and B look like:
_ b i J i Vi
dB =(...))B, +t @ B +(t —At )o'A4,

dB, =(...)ifBj+(...);w’Ba+tiJa)"A,

: . t={t t .t
where components of nonspecial displacements tensor {optaty ! [3] are

functions of the 1st order fundamental object 4', clothing quasitensor 4 and its

ﬂ":{ﬂ;f’ﬂal’lu} t=t(A

pfafian derivatives 1.e. 44) The tensor ! contains a series

of elementary, simple and composite subtensors. The vanishing the tensor ?

(Cn—m—l ’ })n—l )

geometrically means the stationarity of pair planes , where Bortolotti's

hyperplane represents plane strained on Cartan's plane Cs-n-1 and normal of the 2nd

kind Nm—l, namely By =18, B.1

2. The principal fiber bundle [2] G(U,) is associated with the distribution.

%

The base of “Y+/ is area U (Un an) described by a center of plane Pm, and

typical fiber --- a subgroup G of stationarity for the centered plane L . In this fiber

bundle by Lumiste's way [4] group connection i1s given by means of form

l

o=w-T, 0" (7)={67)j.,

A,
, and i@,/

b Tar e Components  of  connection  object

P={ LI, L T T T

J

Tarla? satisfy the differential equations [2], in

particular,

i i i ] i ik i i ]
AI—}k+@jk I"ﬂd(o ,A]"ja ]fjka)a+agja cﬂlw (1)
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The group connection object /° contains a series of subobjects [2].

R={R' R R . .}

Components of curvature object of the group connection 7/ are

expressed [2] in terms of the components of I', their pfaffian derivatives and the
components of 4, for example,
R =r'" —I'p [T R =T" rcri 2

g gk T ja kg T gk st jab T jrab]  C jla” kb)

i _] i i i Ab ! i
R, ==(T, ~T. -TA)-T.T,

Jjka 2 Jjka Jjak Jlk™ la]’
and alternation is made in two last bottom indexes in square brackets,

R =0 R =0 : : :
therefore ) ", “ite) ~ The curvature object R of the connection /" is a tensor

and contains a series of subtensors, corresponding to subobjects of the connection
object 1.
3. In [3] it has been proved, that the distribution NS, and its composite

G(U )

clothing induce in the fiber bundle the group connection of the 2nd type

02 0t 02 09 02t 02
F={w o Do, I I ) wwith components defined, in particular, under formulas

0 02
— Aa ji i i = a Qk _
Tp=M 2 =84 =814, Ty =2+ KA =222 (3)

02
Fa=A, = A =R XA+ B4 )+2A WA A A

jia

Let's construct the 2-nd type curvature generated by the group connection of

02
2nd type, i.e. we will obtain scopes for the components of curvature tensor R by

02
object of the group connection 7/°. From the expressions (2) defining the

components of the curvature tensor R, it is visible, that thereto at first it is
necessary to find scopes for pfaffian derivatives of the object /7. Using the

differential equations (1), expressions (3) and similar expressions for other

02
components of the connection object /", we will find, that their pfaffian derivatives
are expressed as follows:
02
L= (M + M A )X+, + K(X A+ XA )=24, A =224,
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02
o= (K + 8N B +A + A (K A+ )24 A =244 .(4)

02
Tiar =1, A+ A, + A (WA + WA, )= A Ay = Ad, + 2 A WA, + AN A, + AN, ),..
Turning back to the formulas (2) defining the curvature tensor R, we see,

02
that for the obtaining of expressions for components of tensor R it is necessary: 1)
to find alternations of corresponding pfaffian derivatives (4), using symmetry of

a 2 _ 1 qa
components A% of fundamental object of the 2nd order A=Ay ) and

symmetry of pfaffian derivatives of the 2nd order Ao K P for components of

clothing quasitensor 4 of the distribution NS, in two last bottom indexes, 2) to
calculate convolutions of corresponding components of the object 7~ and 4 and
also to find alternated convolutions for corresponding components of the

connection object 7. Thus, the expressions for components of the curvature tensor

R have the following form:

02 0! 0J 021 0b 01

02
_ _ _ ' I b i
Rix = Rijk /1[ —A?/,k]/iia,Rmb = Riab lj,Rajk = Rk /1;7 — Rk ﬂa —A[jk]/l’ah,

021 0d 0l 02 0b 0!

Rave = Rave X, = Rjpe A, Raij = Raij A = R X, 4, = Ay (A, =24, 2 ).(5)

02 0d 0/
Rabe = Rabe ﬂd — Ripe ﬂlaﬂj,...

Expressions of scopes for the rest of components of the curvature tensor are

defined under the formulas similar (5), but they have more awkward form. So, we

02
have constructed the 2nd type curvature R induced by the composite clothing of

the distribution NS, )

Remark 1 From formulas (5) it is visible, that into expressions for the

02
components of the 2nd type curvature tensor R components of curvature tensors of

induced linear connections, which scopes have been found in paper [5], enter.
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(A, =0

Theorem 1 In case of holonomic distribution at vanishing the

()i 09

curvature tensors of induced plane %/ and normal Rw linear connections the

02
curvature tensor of the 2nd type R vanishes.
Remark 2 The scopes for components of curvature tensors for induced
linear connections represent the functions of components of nonspecial

displacements tensor 7, clothing quasitensor 4 and fundamental object 4" of the

distribution M.

Thus, the theorem 1 is equivalent to the following statement

Theorem 2 Immovability of pair planes, namely, Cartan's plane and
Bortolotti's hyperplane (7=0) in case of holonomic distribution implies the
vanishing the 2nd type curvature tensor.

Remark 3 In paper [6] the generalized Ricci identities for components of the

0 02 0t 02
curvature tensor !X Rt} of the centerprojective subconnection 777/ are
introduced and it is shown, that they are fullfilled in case of holonomic

distribution.
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Laptev’s and Lumiste’s ways of the giving a connection in the

principal fiber bundle

Yu. I. Shevchenko

Abstract. Two ways of the giving the group connection in the principal fiber
bundle are considered, which are named as G.F. Laptev's and Yu.G. Lumiste's ways.

It is shown, these ways are equivalent.

Let G (M ) — a principal fiber bundle, which base is n-dimensional smooth
manifold » , and typical fiber — Lie's group G . The structural equations of Laptev
[1, 2] of the the principal fiber bundles G (M ) look like:

Do =&’ na) (i,..=1n; a,...=n+Ln+r)(l)

Do”* = Cz,‘ya)ﬂ AN+ @ AND L (2)
where ¢ — structural constants of Lie group G, , satisfying the condition of

antisymmetry =0 and Jacobi's identities

o

C(ﬁw
o 7 =
C{ﬂmc&} 0.(3)

The round brackets designate symmetry, and curly brackets — cycling.
Let's set in the principal fiber bundle G (M ) the group connection by means of
transformed fiber forms

E)a =wa—C“wi,(4)
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where 7'“ — some functions. We differentiate the forms (4) with the help of the
structural equations (7,2) and take out the basic forms &'
D&* = C/‘;’ya)ﬁ AN+ AATE =T @) + 0 ).(5)
Let's substitute expressions of the fiber forms »* from the equalities (4) into the

1-st summand
Czya)ﬁ A = C;’y(ﬁ)ﬁ /\(7)7+Fiﬁa)" N /\17a)j +1'l’,/3a)" /\17a)j).
In the 2-nd and 3-rd summands we shall return to initial fiber forms
C;‘ywﬂ AT = CZy(aT)ﬂ AN+ TP n@ + @ A e’ - r'’o' a re’).

Let's open brackets, substitute into the equations (5) and rearrange summands

D& =Ce@P N —~COTPTa ne' +
By By i T

+ &' A(dI" = T0 + o + TPCL 0" ~T7CE 0 ).(6)
Entering tensor differential operator 4

AL =dl* =Tl + I wf (7)

a);‘ = ZCZyaﬂ’,(c?)
write down the structural equations (6) more shortly
Do = ngb‘)ﬂ NGO+ ANATE + 0" ) - cgyr/’rjw AW .(9)

According to the theorem of Cartan—Laptev [3, 4] the forms (4) set the group

connection, if on the base M the field of connection object is given [4, p. 63, 83; 5]
A"+ = I"i]?‘a)f.(IO)

Substituting these differential equations into the structural equations (9), we

have
Da* = C;‘yﬁ)"” NG +RIOD A,
and the components of the curvature object r* of the group connection are

expressed as follows [4, p. 93; 5]:
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o _ o _ o grpf
Ry =1, = TP 00
where the square brackets designate alternation.

For the finding of the differential equations on the components of the curvature

object R? it is necessary to continue the equations (10), which in view of the

designations (7) include the forms o/, @f, o".

We differentiate the structural equations (1) and take out the basic forms
(Da)j. —a);f A ) A0 =0.
Let's solve the third-order equation on Laptev's lemma [1, 6]

i ok i ke i
Da)j NN /\C()jk,(IZ)
and the new forms o) satisfy the conditions & rw’aw'=0. For their

performance of enough symmetry of the three-index forms on the bottom indexes

o =0.(13)

We differentiate the forms (8) with the help of the structural equations (2)

o _ oa Y 40 £ i o
Da)ﬁ ZCMC&(O ANO°+ @ /\(oﬂl_,(M)

wf = 2C% w7 (15)
Let's write down Jacobi's identities (3) in the developed kind and multiply by 3
Co CL+CeCl +CECh =0.(3)
With their help we shall transform (cf. [ 2, p. 169] ) the 1-st set of the

summands from the equations (14)

205 CLa° A =2(=C5 CT = C2Ch )’ A =

YAl Y € o € Y 0 ) — V(O 30 VY € _ (O 0E Y 0 ) —
2( nga) /\Ceﬂa) +C€ya) /\Cwa)) 2( Cyga) /\Cﬂga) Cyga) /\Cwa))

1 1 1 1
=2(=5Of NSO =< OF NS W)= Q) A O

2 v 2B o27v 278 B
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Here we have taken advantage anticommutative of external multiplication and

antisymmetry of the constants ¢ , and also the designation (8). In view of these

transformations the structural equations (14) accept a kind [2]:

o — Y o i o
Da)ﬁ Wy A OF + @ /\a)ﬁl_.(16)

Lemmal g o*rd®ro’=a , 0 n&”® ra&.
afy {opy}

Really,

a, +a_ Jo* A&’ A@ =
Yo ro3

apy T 9

1
o s V==
a, 5,0 NO" A @ 3(a

1
=§(aaﬂ7a)“/\a)ﬁ/\w7+aﬁma)"‘/\a)ﬂ/\a)7+amﬁa)a/\a)ﬂ AW )=

1
=—(a , 0N AN +a , 0 NO* AP +a , 0 N AW )=
3 by By By

1
=—3a " P A =a , "N’ A,
3 ofly opy

Differentiate the structural equations (2) by means of the equations (1) and take
out the basic forms

&' AN AW" —~Da* +C% 0P A +C% 0 A )+
i J i By~ Br i

a B 0 £ Y _ %Y 1 & =
+C CLa’ n* A = C CTLaP e Ao =0.(17)
Transform last two summands
CYCPa’ nf A" —C%C” 0P A @° A’ =2C% CPa" A’ A =
By~ oe By o

Py~ o€

= ZCZ{yC£1w7 A’ A =0

in view of the lemma 1 and Jacobi's identities. Therefore the third-order
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equation (17) will be transformed to a kind:
(D& — ) A" ~a’ /\CZya)V—CJ“ﬁa)VAa)f’)/\w’ =0.
Solving these equations on Laptev's lemma and using the designation (8), we
have [1, 2]
Do = o) A + o’ A&+ @ A (18)
and 0! A& Ao =0. Symmetry
o =0.(19)

sufficies for performance of these conditions.

Now differentiate the differential equations (10) with the help of the structural
equations (1, 12, 16, 18)

A} Ao + TP @] + TE0" A0 + T A @) ~ TP naf ~TP 0 nof — ' A& =0,

Take out the forms «’ and take advantage the operator 4

(A7 -Tfol + IPay +of )n o =0.

Solve the square-law equations on Cartan's lemma and write down result as

comparisons modulo basic forms

a _ o,k B\ a _
Al"ij ngj-’-]_; a)/ﬁ+a)y_0.(20)

Lemma 2 AC;‘y = 0.

Proof. Let's write down the action of the operator 4
o — o _ a0 a0 5
ACM dCﬂy Cwa)y Csya)ﬂ +Cﬂya)5.
Let's take advantage of the designation (8) and take out common multipliers
o _ o _ a o oo _ o o £
ACy =dCy —2(C5.Co +CyCp ~C) Ct Ja.

By virtue of ¢ are constant and antisymmetric we have
o _— _ o o o o o o £
ACM 2(Cﬁ5C7/€+C75C€ﬁ+C Co ).

&b~ Py

At last, using Jacobi's identities (3'), we obtain proved equalities.

33



Shevchenko Yu. I. Laptev’s and Lumiste’s ways of the giving a connection in the principal...

With the help of the equations (10) and lemma 2 we shall find differential

comparisons on the components included in the formula (11) units ¢ 17
ACGTPTY)+Cqaf T'T +Cp I =0.
Let's take advantage of the designation (15)
A(C” rﬁr?)—ir?aﬂ L s <o,
Broi " b R R R
We use the comparisons (20)

1 1
o _ o By ok o L rp oo Lo —
A([,-j Cﬁyl[ lj) lka)l_j+a)lj+21“l_ a)ﬁj+21ja)ﬂi_.

According to the formula (11) we alternate these comparisons on the indexes i,

ARY ~Tf @), +af,, =0.21)
In the symmetric case (13, 19) we have [4, p. 93]:
ARU“ =().
The structural equations (9) can be written down in the other kind:
D& =Cjy & A& + 0 A(A37 + 0 ~C 330 ),(22)
where we use the forms &” = »” -3“«' instead of the forms (4). Then according

to the theorem of Cartan—Laptev we shall obtain a little bit other differential equations
of the connection object [1, 7]

A3 + 0 - C 3837w’ =3%w’ .(23)
i i Y i J y

Remark 3 If 3*=r“, then carring last summand from the left part of the

equations (23) into the right part, for coincidence to the equations (10) we have to

count

o _ Qo a rprv
Ty =Sy G II 24

Substituting the differential equations (23) into the structural equations (22), we
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have

Do”* = ngé)ﬁ N R o A,

R =375

Definition 4 Let's name the object r* [3”], which components satisfy the

differential equations (10) [(23)], by the object of the group connection, set by way of

Lumiste [Laptev], and the object R? [R¢], which components are under the formulas

(11) [(25)], by object of Lumiste's [Laptev's] curvature of the group connection.

We differentiate the equations (23), result similar summands, take out the basic
forms «’ and use the operator 4
[A3% + CZySJ?(Si +CP33¢ o - C;‘yi’sj.wf + ngSf(SJV_k + ngSfSi)a)" -
_ e gp Qo B o J =
Cﬁys,- a)jV 3ka)ij +3 wp +a)l_j]/\a)’ 0.
Let's solve on Cartan's lemma and write down result as comparisons
o_ oo B _ o QB QO B o _
A3 = Oy 3j0f = Cy 37 ) =30 + 37wl + 0 =0.
Let's take advantage of the designation (15) and result similar summands
o B, _ Qo Nk o —
A3+ 3 )~ 3ew; + @ =0.(26)
Remark 5 The comparisons (26) turn out faster from the comparisons (20) by

means of the remark 1 and lemma 2.

According to the formula (25) we alternate the comparison (26)
AR -Siew + o =0,

These comparisons to within designations coincide with the comparisons (21),
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that is explained by the remark 1. Really, transferring in the formula (24) composed

¢y L1 into the left part and alternating, we have r” =%¢. Thus, it is fair

Theorem 6 Laptev's and Lumiste's ways of the giving the group connection in

the principal fiber bundle are equivalent [8, 9].

Conclusion 7 In the principal fiber bundles one can apply two ways of the
giving of the connection with the help of Laptev's [1, 3, 6, 7] and Lumiste's [4, p. 63,

83, 5, 10] connection objects, which result to identical group connections,

Conclusion 8 The comparison of two ways of the giving the group connection

in the principal fiber bundles allows to prefer technically the way of Lumiste.
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O noamoayasix cBOOOIHBIX KOHEYHOMEPHBIX MOAYJIei

Mapek IOk, Jlenka FOknoBa, Mo3ed Mukemn

AHHoTamusl. CraThsd TOCBSAIIEHA M3YYEHUIO CTPYKTYpPbl MOIMOIYJEH
CBOOOJIHBIX KOHEYHOMEPHBIX MOJYJIEH HaJ JTOKAJbHBIMHU KOJIBIIAMH 4 CIEIHaIbHOTO

THIIA — TaK Ha3bIBACMBIX A -IIPOCTPAHCTB.

KuioueBblie ¢j10Ba: JJOKaJIbHOE KOJIBIIO, CBOOOAHBIN MOYJb, A-TIPOCTPAHCTBO,

KOJIBIIO YHAOMOP(HH3MOB.
BBenenne

Hacrosimass crates NOCBAIIEHA HU3JIOKEHUID HEKOTOPBIX BOIPOCOB TEOPUHU
MOAMOJYJIEl CBOOOJIHBIX KOHEYHOMEPHBIX MOAYJCH HaJll JIOKaJbHBIMH KOJbIIAMU
CHEIUANbHBIX TUMOB. Teopusi CBOOOJHBIX KOHEUHOMEPHBIX A-MOAYJEH Hal
JOKAJIBHBIMU KOJIBIIAMHU, TaK Ha3bIBa€MbIX  A-IIPpOCTpaHCTB B cMbicae b.P.
Maxknonanpaa (B.R. McDonald), naBHo paccmaTpuBaiiack B MHOTOYMCIIEHHBIX
MoHorpadwusx, Hanp. [1], [31], [32].

MotuBanmen  M3y4yeHMST OTUX  MOJYJEW  SABISAETCA  €CTECTBEHHOCTh
r€OMETPUUECKUX MPUIIOKEHHUM, KOTOpasi BHITEKAECT U3 OJIM30CTU JIOKAJIBHBIX KOJICI U
ten. Takum 00pa3oM, MOXKHO €CTECTBEHHBIM 0O0pa3oM BBECTH B PACCMOTpPEHHUE

MPOEKTUBHYIO T€OMETPHUIO HAJ[ BbIIIE YKa3aHHBIMU KOJIbIIAMU (CMOTpH Harp. [5], [23]



tOkn M., FOknosa J1., Mukeln M. O noamMoaynsix cBO60AHbLIX KOHEYHOMEDPHBIX Moayel

, [7]). bau3ocTb TOKaIbHBIX KOJIEL U TEJN CIAeAYET U3 TOTO, YTO 3TU CTPYKTYPhl UMEIOT
€MHCTBEHHBI MakcUManbHbIN uaean. [Ipennaraemas pabota, 1y HAIIErO MHEHUS,
BBITIOJIHSET CYIIECTBEHHYIO YaCTh, KOTOpPAask HAXOAUTCSA MEKIY OOLIMMHU JIOKAJTbHBIMU
KOJIbIIAMH U TeJIaMH, T.€. JIOKaJIbHbIE KOMMYTaTHUBHBIC anreOpbl A MOPOKICHHbBIE HaJI
MPOU3BOJIBHBIM TEJIOM OJHUM HUJIBIMOTEHTHBIM 3JEMEHTOM, TaK Ha3bIBa€MbIE
nuwopanvhsie anreeopst, cM. P. byprerosa, JI. Knyuku [9]. Takum oOpa3om, MOXKHO
MIEPEHECTU PAJl CBOMCTB KOHEUHOMEPHBIX JIMHEMHBIX MPOCTPAHCTB HAJl TEJIaMH Ha
CBOOOJIHbIE KOHEYHO TreHepupoBaHHble A-monynu. I[lpuBenennas anredbpa —
0000111eHNe W3BECTHBIX AyaJbHBIX YUCEN, BBEACHHBIX yxke B 19 Bexe Kmuddopaom
[10], B HameM citydae MopsiioK anreOpbl MOXKET ObITh JIFOOBIM HATYpalIbHBIM YUCIIOM.
PaccmarpuBaembie anreOpbl, KOTOpbIE OJHOBPEMEHHO SBJISIOTCS anreOpamu Beiis
(Weil), umeroT mnpuioKeHUE TaKKe, HalpuMep, B MaTeMaTUYECKON CTaTHUCTHUKE,
MEXaHUKe TBEpPJOro Tela, podotuke, guddepennnanbHon reomerpun, cm. [11], [34],
[34], [37].

Cornacuo [31] BBOOMM B paccMOTpeHUE A-NMOANPOCTPAHCTBO KaK JUPEKTHO
JIOTIOJIHUTENbHBIN A-oaMOAY b, M3BeTcHO, uTO n100ast AMpEeKTHAas KOMIIOHEHTa A-
MIPOCTPAHCTB a SIBJSIETCS CBOOOJHBIM MoaMoysieM. B Hamielt paboTe mokasbiBaeTcs,
4TO BepHO U oOpaTHOe. Tak Kak 3TOT BOMPOC OBLI I0JIr0€ BPeMs OTKPBITHIM BOSHUKIIH
pa3InyHbIE ONPEAEIICHHS NOHITUS A-TIOAIPOCTPAHCTB, CM. [7].

B A-npoctpaHcTBax MOXHO BBIAEIUTH MOJMOAYJU ABYX THUIIOB — T€, KOTOPBIE
OJIHOBPEMEHHO A-TIOANPOCTPAHCTBA, M OCTajbHbIe. Torjga CYIIECTBEHEH BOIPOC
0 TOM, KaK HaTh 3((HEeKTUBHBIA KPUTEPUN KOT/Ia OJIMOAYIb SIBISIETCS CBOOOTHBIM.
Hamu HaliieHbl 1Ba KpUTEPHs, IIEPBOE U3JIaraeTcsi B TeopeMe 23, a BTOpoe, KOTOpoe
OCHOBBIBAETCs Ha 00OOIIEHUH U3BECTHOU TpeyroibHOM Teopuu ["annya, B Teopemax 32
n 38. 3amerum, 4yTO Teopema l'amya TECHO CBsA3aHAa C OCHOBHOM TEOpEeMOM
MIPOCKTUBHON T€OMETPHUH, 3Ta IIpolJIeMaTrKa akTyallbHa 1O cei JAeHsb, cM. [30], [12],
[35].

CBOMCTB TOIMOJYyJICH KacaeTcs TakKe HaxOXXICHHE HEOOXOIUMBIX H
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JOCTATOYHBIX YCIOBUW MJIi TPAaHCBEPCAIBHOCTU A-NMOAIPOCTPAHCTB (B CMBbICIE
Oenpakammna (Veldkamp) Teopema 16).

B Teopemax 32 wu 38 HaiimeHsl u30MOp(U3MBI, COOTBETCTBEHHO,
aHTUM30MOP(U3MBI, YIIOPSIOYEHHOTO MHOXKECTBAa MOJIMOAYJIeH A-pocTpaHCcTBa U
yIOPSAOYEHHOTO  MHOXECTBA  JIEBBIX W MPaBBIX  AHUTWISATOPOB  KOJbIlA
SHAOMOP(PU3MOB A-NIPOCTPAHCTBA, JOMOJHEHHBIE O 3TU KOPPECHOHICHIIUU MEXITY
MHOXECTBOM  A-TIOJNPOCTPAHCTB M  JIEBBIX M  TPaBbIX HJICAJTIOB  KOJbIA
SHAOMOP(PU3MOB TE€HEPUPOBAHHBIX HJIEMIIOTEHTHBIM 3JieMeHTOM. [lokazaHo, 4TO
CTPYKTypa MOAMOAYJEH M TOAMPOCTPAHCTB A-NPOCTPAHCTBA BIOJHE OINpeeicHa

CTPYKTYPOI aHUTHIISITOPOB KOJIbIA IHAOMOPHU3MOB JAHHOTO A-MIPOCTPAHCTBA.

1 A-npocTpaHcTBa M UX TOMOMOP(PU3MBI

[Tonsatue moodyns Hao koarvyom A, uam A-mooyae OyJaeM B HACTOSIICH paboTe
MIPUMEHATh B OOBIYHOM CMBICJIE, PAaBHO KaK TOHATHUS JuUHElHAs (He)3a8ucumocms
AIIEMEHTOB B A-MOJYJIE, COBOKYNHOCHb 2eHepamopos, 06azbl U 2oMoMophuzmvl A-
Moxayneid. HamomuamMm, dYro A-Moayabp B 0OmEeM ciaydae MOXET HE HMETh
COBOKYITHOCTh TE€HEpPAaTOpOB, €CIU K€ OH BCE-TaKM HMEET MHUHUMAaJbHBIC
COBOKYITHOCTH T'€HEPATOPOB, TO OHU MOTYT UMETh Pa3HYI0 MOIIHOCTb. B ciiydae eciu
OH COJIEPKHUT A-MOyJIb 0a3ucC, HA3bIBAEM €TO C80000HbIM A-M0oOyaem (cM. Harp. [1],
[31, [27], [31]).

HamoMHuM, 9TO TIOJ 10KANbHBIM KOIbYOM TIOAPA3yMEBAEM KaXK]I0€ YHUTAPHOE
KOMMYTAaTUBHOE KOJIbIIO A, B KOTOPOM BBIMOJHSAIOTCS CJEAYIONIME B3aUMHO
PaBHOCHUJIbHBIE YCIIOBUSA:

* A/Rad(A) — TOIIE,
* 4 UMEET €JMHCTBEHHBIA MaKCUMAJILHBIN Haeall,
* BCE HE MHBETUPYEMBIE JIEMEHTHI 4 00pa3yT COOCTBEHHBIN Hcal,

* 17151 TFOOOTO re A OO 7, MO0 /-7 — MHBETUPYEMBIHA SJIEMEHT.
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[lonsitue A-npocmpancmea BBenem B paccmorpeHue no b.P. MakaoHanbay

(B.R. McDonald) (cm. [31]):

Onpeneaenne 1 [Ilycmv A — nokanvnoe konvyo. Koneunomepnviv — A-
NPOCMPAHCIMEOM — HA3bIGAEMCSl  KOHEYHO  2eHepupoBanuvlii  A-mo0ynv,  eciu

cywyecmeyom € ,,..., € e M makue, umo
*M=-4e@®.04¢ ,
° OTOGp&)KCHI/IH A—>4 €. OIpCAciICHHasd YyCIOBHUEM IHei ABJIAKOTCA

nzoMopduzmamMu MOyNe it BCEX ii=1,...n.

COBOKYHHOCTL { C, en} C M Ha3bIBAIOT A -0a3ucom MOyt M .

[lonmonynb K cc M Ha3bIBAOT A-HOONPOCMPAHCMBOM A-TIPOCTPAHCTB a M ,

€CJIM €TI0 MOXXHO JUPCKTHO AOIOJIHUTH 1O MOAYJIA M .

IIpumeyanue 2
* A-TIpOCTPaHCTBO MOYHO COTJIACHO MPUBEIEHHOr0 ONpPEAENICHUs] PABHOCUIIBHO
XapaKTEepPU30BaTh KaK KOHEYHO MOPOKICHHBIM CBOOOJHBIN MOJYJb HaJ JIOKAJIbHBIM
KOJIBIIOM 4.
o Jlnga A-npocTpaHCTB HaJ JIOKAIbHBIMH KOJbI[AMHU CIICIMATbHBIX THUIIOB
BBOJAT CHEUMAJIbHYI0 TEPMUHOJOTHIO — JUJIl HAIMX LEJeH, HarpuMmep, Mooyib

Beiins, B cyuyae xorna 4 siBisiercst anreOpoii Beitns (cm. Hamp. [26]).

[IpuBenem (TeopeMa 4) HEKOTOPBIE U3BECTHBIE CBOMCTBA A-MPOCTPAHCTB (CM.

[31], [3]). OHu sBASAIOTCS CIEACTBUEM CIEAYIOLIEH TEOPEMBI:

42



[Mpaui MiXkH. reoM. LeHTpY — Tpyabl MeXAyHap. reoM. LeHTpa — Proc. Internat. Geom. Center

Teopema 3 (Jlemma Hakasima) Ilycmos M — KoHeuHo 0Opazosanmbiilt A-M00yib,
A — nokanvroe koavyo. Toeoa
s eciu a coocmeennwlll uoean koavya A co ceoticmeom aM=M, mo M=o,
* eciu a cobcmeennvlil uoean koavya A u N noomoodyns mooyis M co

ceovucmeom M= aM+N, mo M=N.

Teopema 4 [lycmbv A — n0KanbHOE KOILYO C MAKCUMATLHBIM UOEANOM  d.
Tocoa ona A-npocmparncme a M umeem mecmo.

» CosoxynHocme G A8711emcs COB0KYNHOCHbIO 2eHepamopose M moeda u
monbko mozoa, koeoa G nopodxcoaem mod aM eexkmopnoe npocmparncmeo M/ aM
Hao A/ aA.

» CogokynHocmb G s618emcsk MUHUMANbHLIM MHOMCECMBOM ceHepamopos M
moz0a u monvko moeda, ko2oa G saeigemcs oazucom mod —aM eexmopnozo
npocmparcmea M/ aM nao A/ aA.

* Kaowcoas cosokynHocms 2enepamopod M codepoicum MUHUMANbHOE
MHO2ICeCmB0o 2eHepamopos M.

e Fciu { e e} u { u,. u_} AGIAOMCA MUHUMATLHIMU

s
COBOKYNHOCMbAMU 2eHepamopos, mo m=n U cyuecmeyem asmomopgusm M co

c60UCMEOM €\ U, I<i<n.

Ilpumeuyanue 5 N3  npennoxenuss (d) mpeablaynied  TEOpeMbl
HEMOCPEJCTBEHHO CIEAYET, UTO MpOuU380IbHble 08a basuca A-npocmpancmea umerom
00UHAKOBOE HUCIO 2N1eMeHmo8, KOTOpPOe MOXKEM Ha3BaTb €ro A-pazmepom; 3TO

YTBEPKACHUE CIPABEAJIUBO MOTOMY, YTO 4 — KOMMYTaTUBHOE KOJIbIIO (cM. [1]).

Ilpumeuyanue 6 IIpumeHssT 5K3aKTHBIE IOCJIEIOBATEIBHOCTH, W3 BBIIIE
ckazaHHOro BbITeKaeT (cM. [31] med), 4TO0  1I0OOE A-noonpocmpancmeo A-

43



tOkn M., FOknosa J1., Mukeln M. O noamMoaynsix cBO60AHbLIX KOHEYHOMEDPHBIX Moayel

npocmparcmea M sensiemcs moaice A-npocmpancmeom.

OOpatHblif  BOIIPOC, T.€. MOXHO JIM JHO0OW MOAMOAYTh M, KOTOPBIiA
OJIHOBPEMEHHO A-MPOCTPAHCTBO, AUPEKTHO JOMOJHUTH 10 Monayist M (T.e. ecinu oH
ToXe A-noamnpocTtpanctBo), McDonald ocraBnsier oTkpbiTbiIM. OTBeT, B 0O0IIEM
cily4ae, He MOJIOKHUTEIICH, 3TO JIOBOJ MTOYeMy MHOTA MOHATHE A-noonpocmpancmea
CBOOOIHOTO KOHEUYHOMEPHOTO A-MOMYNSI BBOAMUTCS KaK C80O0OHbIU TIOJIMOJYIIb,
KOTOPBIA MOKHO JTUPEKTHO JOTOJHUTH C680000HbIM TIoaAMOAyJeM (cp. Hamp. [7]).
3nechk Mbl OyneM Mpuaep:kuBaTbes Oosee oOmiero ompezeneHus MakaoHambaa; Kak
MOKaXeM, B ciydae A-TMPOCTPAHCTB HaJ KOJbI[AMH, ONMpEeeIeHHBIMU B M. 2, o0a

croco0a BBeICHUS A-MIPOCTPAHCTB COBMaAaloT (cM. Teopema 15).

IMoagMoay/in ¥ MOANPOCTPAHCTBA A-NPOCTPAHCTB

PaccmoTpum cTpykTyphl A-nipoctpancTs. [IpeameToM Hamiero uHtepeca OyayT
A-TipocTpaHCTBa HaJ JIOKAJHHBIMH KOJBIIAMH, a TPEKIEC BCETO, HAJ JIOKATHHBIMU
anreOpamu. HatypanbHbIM 000011I€HHEM TyadbHBIX YHCEII, BBEICHHBIX yKe B 19 Beke
Kmudbdopnom [10], sBrusercs mnuopanvuas ancebpa, Kak TuHeWHas anreOpa Haj
KOMMYTATHBHBIM Te€JIOM [ TeHEepUpOBaHHAS OJHHUM HUJIBIIOTEHTOM, TMOPSI0K
KOTOPOTO SIBSETCS TTOPSIAKOM 3TOM anreopsl (cMm. [9]).

Onpenenenne 7  I[lnopanvHotl aneebpoii nopsadka m  Hao menom T
noHumaemcs n00as AuHeliHas aneedpa Hao menom T, KOMOpas KAK 6eKMOPHOe
npocmpancmeo Hao T umeem 0a3uc

{1,m,m*,...,n"""} co CBOMCTBOM 7" =0

Ilpumeuanue 7 CumBOIOM p,..p  OyleM I BCAKOH ILIIOPAIbHOM

-1
anreOpbl 4 0003HAYATh CHUCTEMY MPOEKINH 4 — 7 €CTECTBEHHO OIpEACNCHHYIO AJIs

k=0,...,m—1 CIEIYIOINUM 00pa30M:

m-1 def
vﬂe A’ﬂ:Zbinl; pk(ﬁ):bk
i=0

44



[Mpaui MiXkH. reoM. LeHTpY — Tpyabl MeXAyHap. reoM. LeHTpa — Proc. Internat. Geom. Center

Jlerko mokasath ClieyroIue CBOMCTBA IUTIOPATIBHBIX alnreop:
Jlemma 8 Ilycmv 4 — nnopanvuas aneeopa nopsioka m, n — ee 2eHepamop.
To20a umeem mecmo:

* 4 — JJOKAnbHOE KOJIbYO C MAKCUMAIbHBIM uoeanom a=nA,

* uoeavl 77jA, 1< j<m, AGIAIOMCA 8CeMU coOOCmMBEeHHbIMU UOeANIAMU 8 A,

* KONbYO A U30MOPGHHO hakxmop Kobyy nOAUHOMO8 T[x]/(x™),

* qunelnasn aneeopa A uzomoppna aunelnou aneeope mampuy M (T ) euoa

b b ... b

0 1 m—1

0

Hamomuum noustue aneeopwt Betinsa ([26]).

Onpenesienue 9 Aneedpoii Beiina nopsaoxka m Haszvieaem O0elicmeuUmelbH)H0
JUHENHYI0 aneebpy A, Komopas 0OHOBPEMEHHO ABNAEMCs JIOKANbHbIM KOJIbYOM U 05
MAKCUMANTbHO20 UOeaid d 8bINOJHAIOMCS YCI0BUSL:

e am"'zon am=o0,
« 4/ a=R,

® a Aesemcsl KOHeYHOMEPHbIM 6€KNOPHBIM NPOCHPAHCIMEOM.
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Pa3zMepHOCTh BEKTOPHOT'O POCTPAHCTBA a/ a’ Ha3bIBAIOT WUPUHOT aleeOpbl A.

Nmeet mecTo (ucnonb3ys temmy 8 u [26]):
Teopema 10  Beiinesvivu anceopamu 0anH020 NOPsOKA U WUPUHBL |

ABNIAIOMCS. MOALKO 8Ce 0CUCMBUMETIbHbLE niropailbHble Cl]l2€6pbl moeo aJnce I’lOp}l()Ka.

Ilpumeuyanue 11 A-TIPOCTpPAHCTBA HaJA IUTIOPAIbHBIMU T -ayiredpaMu

SIBIIAIOTCS 1A 7T =R BeiineBbimMu MOIOYJIsIMU.

B cliyyae, Koraa 4 — JIOKAJIbHOC KOJIBLO C MaKCMMAaJIBHBIM HACAJIOM IOpsAKa
m, UMECT MCCTO CJICAYIOIIasA TCOPpCMaA:

Teopema 12 Ilycmo M — A-npocmpancmeo u G={ e ..., e } — HeKOMOpas
e2o cucmema zenepamopoe. Ecau { wu .., u,} Hekomopas cucmema JIUHEUHO

Hezasucumulx snemenmos M, mozoa

* k<r,

* nocie nodxodﬂu;eeo nepeHymepuposanus d1emMenmos e ..., e, 06pa3yem
H=/ U,y U, € ey er} cucmemy eeHepamopoes A-npocmpancmea M,

e eciu cucmema G JUHEUHO HeE3A8UCUMA, MO JTUHEUHO He3a8UcCUMAa U
cucmema H.

Joxazamenvcmeo. Korna m=1 (T.e. a={0}), TO A SBASETCS TOJIEM U MOJIYyYUM
XOpOILLIO U3BECTHBIN Cllydail yTBepkJeHus. B nanpHeliem Oyaem cuutath, 4To m> 1.
JlokazaresbCcTBO NMPOBEAEM METOA0OM MATEMATUYECKON MHAYKIUH 110 & .

(1) Ilycts k=1.

B atom ciyuae (a) BBINOTHSAETCS OYEBUIHO.

. — r —_— L
Ad (b): Ilyctb u, =3 &e.. Tak Kak u, — IMHEHHO HE3aBUCUM, TO CPEIH &,....¢

XOTs OBl OoIHa CIWHHIIA — B IIPOTHBHOM CJIy4dac€ IIPOU3BCACHHCM IIPUBCIACHHOI'O
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OpeacTaBjICHuA U, ¢ HCKOTOPBIM HCHYJICBBIM 3JICMCHTOM 4 W3 a™! Mbl MNOJIYyUYUM u

u,= 0, 4TO ObI IMPOTUBOPCUYNIIO €TO JIMHEHHON 3aBUCHUMOCTH. ECHI/I, Harip. f] -

€IMHMIA, TO MOKHO 3allucaTh € =&’ u +y  (-&7'¢ ) e, 0TCIoa BBITEKAET, 4TO / U,
€,...€ ]=M.

(11) mpeamnonaraeM, 4to (a), (b) BEIONHAETCS IS BCEX k—1k>2.

W3 mMHEHHON HE3aBUCUMOCTH { U ,..., U, } BBITEKAET JMHEWHAs HE3aBUCUMOCTD
{u,. u_}. CormacHO NPENOJOKEHHS HMHAYKUMH TII0CIE  MOAXOMAAILEH

IEPEHyMEPALIUK DIIEMEHTOB G IOPOXKAAKT { U .., U, _, € ..., € } MOmy’ab M. Jlna

k—1=r TIOJIy4UM [ u,.., uH] =M , 4TO IIPOTUBOPCUYHUT MPECAIIOJIOKCHUIO JIMHEHHOM

HE3aBUCUMOCTHU COBOKYIIHOCTH { U e U uk} , IODTOMY k—1<r, CICOOBATCIIBHO

k-1’
BEPHO CBOICTBO (a).

Ad (b): Torma smeMeHT U, MOXHO COIIACHO NPEIIOJOXCHUIO 3aIlUCaTh B

BHU/JIC
k-1 r
u, =Z§iui +Z§iei. (1)
i=1 i=k
Ha ocHOBaHMU JNHMHEWHOW HE3aBMCUMOCTH { U ..., U, } BBITEKAET, YTO CPEIH
£....f Xora OBl OOHA €OWHMLOA — B HPOTHBHOM CIIy4a€ IPOM3BEAECHHUEM

IPUBENAEHHOIO DJIEMEHTA U, C HEKOTOPLIM HEHYJIEBBIM DJIEMEHTOM 4 M3 a"' MBI
NOJIyYUM  (u&,) U +..+(ug ,) U, —u U, = 0, YTO SABIIAECTCA NPOTUBOPEUHEM C
JIMHENHON HE3aBUCUMOCTBIO JAHHOTO MHOXeCTBa. IlycTh, HE Tepsas obmuocTH, &, —
emuanna. Torma w3 ((1)) caemyer e =Y (-&7¢) u+d  (-£7'E) e, orciona
BBITEKAET, YTO [ U ..., U, €, ..., € /=M A TakuM o0pa3om Mbl noka3amu (b).

N3 npeapinymmx BBIKIALOK CIHEAYET, YTO W3 JIMHEMHOW HE3aBUCUMOCTU G

BBITCKACT JIMHEWHAs HE3aBUCUMOCTh H, T.€. BBIMIOJIHSIETCS (C).
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Caencreue 13

* Ecim y A-mpocTpanctBa €CThb M OAUH 0a3uc 0OOpa3OBaHHBIN n
AlIEMEHTaMH, TO J000H ero 6a3uc UMeeT TOXKe » 3JIEMEHTOB. UHCI0 » Ha3bIBaeTcs A-
Pa3MEpHOCTBIO MOAYJS M .

(D10 cnpaBenMBO, KaK Mbl YXKe€ CKa3zald B 3aMEYaHHUM, JUJISI BCSIKOTO
CBOOOAHOTO MOAYJISI HAJl KOMMYTATUBHBIM KOJIBIIOM)

* U3 noboii cucteMbl reHepaTopoB A-MPOCTPAHCTBA M MOKHO BBIOPATH
6azuc M. (D10 k TOMy Xe BbITeKaeT u3 Teopembl (C) IS BCAKOTO MOAYJS Hal
JIOKAJIbHBIM KOJIBIIOM)

B Hamewm citydae cBepX TOTO BEPHO:

* JIroOyro TMHEHHO HE3aBHCHMYIO CHCTEMY MOXKHO JIONOJHHUTH Ha 6a3uc A-
IIPOCTpaHCTBA M .

* JIrobass MakcuManpHasi JTMHEWHO HE3aBUCHUMas CUCTeMa SIBJIsieTCsl 6a3ucom

A-npocTpaHCcTBa M .

W3 Cnencreus 14 BeITEKaeT, 4yToO ISl A-MIPOCTPAHCTB HAJ JIOKAJIHHBIM KOJIBIIOM

HAMH paccMaTpuBaeMOro THUIIA, BEPHO M OOPATHOE YTBEPKACHHE K IMPEIIOKCHUIO

3ameuaHusi 6. J[MPeKTHBIMH KOMITOHEHTAMHU M SBJISIOTCS TaKUM OOpa3oM BCE €ro
CBOOOAHBIE TTOJIMO/IYJIH, YTO BBIPAXKAETCS CIEAYIOIIECH TeOpeMOil:

Teopema 14 Iloomooyne K A-npocmpancmea M aensemcsa A-

NOONPOCMPAHCMBOM M0O20d U MOIbKO mMo20d, Ko20a AGIsemcs C80000HbIM

noomooynem A-wooyna M (m.e. eciu K ecmv A-npocmpancmeom,).

[lepeceuenue A-noANpPOCTPAHCTB, M JaK€ CyMMa, HeEOOs3aHbl OBbITh A-
npocrpanctBoM. Clenyromas Teopema TMOKa3blBaeT, 4YTO IepeceueHue A-
MOANPOCTPAHCTB SIBISIETCSL A-MIPOCTPAHCTBOM TOTAA U TOJBKO TOTJIA, KOTJa UX CymMMa

ABJISIETCS A-NIPOCTpaHCTBOM. HamoMHHMM, 4YTO [Ba MOANPOCTPAHCTBA HA3bIBAKOTCS

48



[Mpaui MiXkH. reoM. LeHTpY — Tpyabl MeXAyHap. reoM. LeHTpa — Proc. Internat. Geom. Center

MpaHceepcanbHbiMu, €CIIN UX Tepecedene U CyMMa — A-MOANPOCTPaHCTBa (CM. HaIp.
[36]).

Crnenyromasi Teopema, Tak KaKk U BCE YTBEPKACHHs, KOTOpPbIE Mbl MPUBEIH,
CIpaBeIJIuBa Il  A-TIPOCTPAHCTB HAJ JIIOOBIM JIOKQJIBHBIM KOJIBIIOM C HHJIb
MOTEHTHBIM MaKCHUMaJlbHBIM HjaeanioM. Ee neranbHOe H0Ka3aTENbCTBO MPUBENICHO B
pabore [14].

Teopema 15 Ilycms K, L — 4-noonpocmpancmea A-npocmpancmea M .
Tocoa K +L saensaemcsi A-nOONPOCMPAHCMBOM mMo20d U MOJbKO mo20da, Koeoa KL
— A-noonpocmpancmeo.

B stom ciayuae cripaBeuiuBa Gopmyinia i (K +L)+ dim(K N L) = dimK +dimk .

Jlanee mokakeM KpUTEpHs IJIsi TOro, YTOOBI MOAMOYJIb K cc M SIBIISICA A -
MOAMPOCTpaHCTBOM (cM. Teopema 23). Crenyrouue Haiinem B cieactBuu 39. [lanee
OyaeM wH3yyaThb CYLIECTBOBAaHME U CBOMCTBAa CHUCTEMbl T'€HEPAaTOPOB JIHOOOro

noaMonyisi B M (cm. teopema 22).

O0o3nauenue 16 B cinenyroniem, ecim HE CKa3aHO MHAYeE, 4epe3 4 O3HA4aem

IUTIOPAIBHYIO T -aJIre0py mopsiaka m U M n-MEPHOE A -TIIPOCTPAHCTBO.

Tak xak 7 c 4, 0O4EBUAHO, YTO JIIOOOH A -(TIO)MOYSIH MOXKHO paccMaTpUBaTh
KaK BEKTOPHOE IIPOCTPAHCTBO HaJ T .
CrneuuanbHo 111 A-(IOX)IPOCTPAHCTB, C YYETOM, 4YTO JIOOOW cKalsap A4

MOJKHO 3aIlicaTh B BHJIE Z;’:O]bin" ,b.€ T, BBITEKAET:

Jlemma 17 Jlwboe n-mepnoe A-npocmpancmeo M sensemcs mn-mepHuIM

sexkmopHolmM npocmparcmeom nao T. Eciu { e ..., e } — nexomopwii basuc M kax
m—1 -1
A-npocmpancmea, mo cucmema 6ekmopoe { e ..., € .nje,...ne ...q0"" e ... e }

saensemces bazucom M Kax 6EKMOPHO2O0 npocmpancmeda Hao T.
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O6o3nauenue 18 Pamu kpatkocth u HarmsgHocTH, A-Oazucom Oynem
Ha3bIBaTh Oazuc M (kax A-modyas), a T- b6azucom — 6Oa3uc M (KaKk BEKTOPHOE
npocTtpancTBo). [logo0HBIM 00pa3oM, BBEIEM B PACCMOTPEHUE A -pA3MEpHOCMb |
T -pazmepnocms. T -b6a3uc U T -pazmMepHOCmb MOXKHO pacCMaTpUBaTh y Ka)Xa0ro
MOAMOAYJS K cc M.

B panpHeliem NOHATHAMHU Oa3uc, pazmMepHoCcmy U CeMelcmeo 2eHepamopos
moboro A-(rmox)Moaynst Bceraa NOHUMaeM 0a3uc, pa3MEPHOCTh U, COOTBETCTBEHHO,
CEMENCTBO F€HEPATOPOB HaX A.

Cnencreue 19 Ilycmos M npouséonvrnoe A-npocmpancmeo u { e ,,..., e

}_

n

A-bazuc. Onpedenum cucmemy 6eKmopHulx noonpocmpaucms P,.....P . nao T:
P.=[ne,...n'e ], 0<I<m-1,
To2oa umeem mecmo:
*M=PO®PO®.O®P |,

—7
*V XeM3( X,..,X,  EP": X=)"Tn X .

DNeMEeHT ne A TOPOXKAAET HA A-NPOCTPAHCTBE M ECTECTBEHHBIM CIOCOOOM
SHAOMOP(U3M (JIMHEHHBIH OMepaTop), KOTOPbIA 0003HAYUM TaKXKe 7, CICTYIOIINM

YCIIOBUEM:

Vxe M:n(x)=nx. (2)

Ilycte K — nmoaMonyib A-npocTpaHcTBa M U d=7|K . UMerOT MecTo:

Jlemma 20 Cucmema {u,,....u_} obpasyem A-b6asuc K mozoa u monvko mozoa,

ko20a  {n"*u,...n"*u} Ona  Kadxcoo2o  k=1...m  Aengemca T -0azucom
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Ker ﬂkmOdKer oA

Teopema 21 Cywecmsyem cucmema B,,....B, noomnodcecme ¢ M makas,

umo

* cucmema B,u...UB_ UB je A-6asuc M,
e cucmema 0"~ B,un""*'B u...un""'B_, obpazyem nao A mooyno K.
Ilpu  smom  r,i<r<m, —  HamypaibHoe  HYUCIO CO  CBOUCIMEOM

Kc Kern nK& Kern'™'.

loxaszamenvcmeo. Paccmotrpum  sHaomodusm n  (cMm. (2)), KOTOpPOro
OrpaHuYeHue =7|K sABISETCS SHAOMOPPU3MOM Ha K . Tak kak M — CBOOOJHBIN
MOZYJIb, TO U3 [25] BBITEKAET, 4TO
Knn'M=Kepd"/,0<j<m. (3)

Beenem oOo3HaueHue reN,/<r<m, JUIsl KOTOPOro K c Kern' ~AK ¢ Kern'™.

[ToctpouM CEMEUCTBO JNEMEHTOB  u,,....u U ..., U U ... U ..U USI7A
1 S0 s0+1 S7 S1+1 S Sr—2+1 Sp—1
KOTOPBIE UMEIOT CIIEAYIOIIEE CBOWCTBO:
r—k r—k r—k—1 r—k—1
u,..., u u u ,...u I/
77 1 77 S0 77 s0+] 77 Sy Sr—k—l+1 Sy—k

obpazyrot 7 -6a3uc Ker»* mod Kero“', 1<k<r-1.

Tak kak { u,...u ) Kepd, TO, yaUThIBAS (3), >TH 2JIeMEHTBI MPUHAJISKAT

n""M , CICAOBATCIBHO CYICCTBYIOT vl""’vso U3 M TakKue, 4yTo

ui:nm*rvi,ISiSsﬂ. (4)
AHAJOTUYHO, U3 {u Ll C Kerd®  BBITEKAeT  CYIIECTBOBAHUE
Sp—k—1 Sr—k
v ...,y M3 M CO CBOMCTBaMH
Sr—k—l+] Sr—k
u = nm_kvl,, st 1<i< srik,prok =1,...,r—1. (5)
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[TonoXkuUB B, ={v ,..v } a B  ={v ooV bk=r—1...,1 MBI YOEIHMCS, 9TO
0 1 50 r—k Sr—k—1+] Sp_k

JaHHBIE MHOKECTBA UMEIOT TpeOyeMble CBOICTBA.
N3 nmpuBeneHHoit Boiie jeMMbl 20 BBITEKAET CIIEAYIOMIas TEOpeMa.

Teopema 22 [loomooyne K saensemcs A-noonpocmparcmeom ¢ M mozoa u

monbko mozoa, koz2oa cywecmeyem seN, mak, umo Ol NPOU36ONbHO20 k=1,...,m

gvinoansaemes yciosue  Jim Ker®mod Koy =s. B smom cayuae s sensemcs A-

pasmepHocmoio K .

2. Kouabuo 3u10Mop(pu3MoB A -NPOCTPAHCTB
Oxka3bIBaeTcs, YTO KOJIBIIO SHIOMOP(PU3MOB 4 -IPOCTPAHCTBA M U CTPYKTypa
ero wuaeanoB (yAMBUTEIbHBIM 00pa3oM) OTpPa)XarOT IMOJHOCTBIO CTPYKTYpPY A-
MIPOCTPAHCTBA, €r0 A -MIOAMOAYJEN U A -MIOJIPOCTPAHCTB.
Teopema 23 [lycmv K — noomooynv A-npocmpancmeéa M. Toz0a na M

: 1
CYuecmsyom s3H0OMop@u3mMsl [ U g makKue, Ymo

Ker/=S.Img=S5.

HOK&B&TGJ’IBCTBO HpI/IBeI[eHHOﬁ BBIIIC TCOPEMbI OCHOBLIBACTCs IIPCIKAC BCCIO

Ha Teopeme 21.
O0o3Hauenue 24
* CuMBOJIOM P 0003Ha4eM KOJIbLIO SHAOMOP(U3MOB A -IPOCTPAHCTBA M , T.€.

P=End(M), CIOXEHHEM OSHAOMOPPU3MOB f,ge P TOJIPO3YMEBAEM HHAOMOP(PU3M

(f8)(x)=g(f(x)).

1 .
3ameTnM, 9TO B 00IIEM CITydae 3Ta TeopeMa I MOAYJIeH HaJl TFOOBIM KOJIBIIOM HE HMEET MECTO (TPUMEPOM TOMY
(cBOGOAHBIN) MOIYIb Z , €10 MOAMOIYJIb YETHBIX YUCEN HE ABJAETCS AAPOM HUKAKOro sHaoMophusma Ha Z )
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* JIns J c P cuMBOJIOM L(J) 0003HaYaeM JIEBbII aHUTHIIATOP MOJIMHOXKECTBA J ,

T.C.

L(J)={fePNgeJ: fg=o0)}
Y CUMBOJIOM R(J) TIpaBbli aHUTWIATOP, T.€.

R(J)={feP;NgeJ:gf=o0}

» CumBosioMm L (P) o603HauaeM cucteMy BCeX JIEBBIX aHUTHIIITOPOB HA KOJIbIIE
P M CHUMBOJIOM R(P) — CHCTEMY BCE€X MpaBbIX aHUTUIATOpPOB. CuMBOJOM U(M )
MHOECTBO BCEX MOJMO/TYyJIeH A-TpocTpacTBa M .
* Jlns mroGoro moaMoyns Se U(M ) 6yaem 0603Ha4aTh
N(S)={feP,NxeS:f(x)=0},0(S)={feP;NxeM: f(x)eS)}
(Mmeer mecto N(S)={feP;Sc Ker/ ) O(S)={feP; mf<S})
* Jlns kaxxoro J B P 0003HAUYUM
K(J)={xeMNfeJ:f(x)=0)}), M(J)={xeM;3fcJ,Jye M :x=f(y)}

(Umeer mecto K(J)=(,_, Ker/ - M(J)=U,., Im[)

Ipumeuanue 25 Jlerko yoeauTbes B TOM, 4TO ISl IIOOBIX Jc P, ScU(M)
SBISIOTCA L(J) M Q(S) JEBBIMH HJACAJIaMHd KOJbLa P, a R(J) U N(S) — TIpaBbIC
HUAeanbl P.

Takoke cripaBelJIUBO, UTO JJIs tOObIX U,Se U(P),J,H c P CIIpaBeJINBO:

JCH=K(J)2K(H)M(J)cM(H),R(J)2R(H),L(J)2L(H),

UcS=NU)2N(S).Q(U)cO(S)

Jlemma 26 /{na 1106020 noomooyns S 6 M cnpaseonugo:
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K(N(S))=S.M(Q(S))=S.

JI0Ka3aTesbCTBO MPUBEICHHON BBIIIE JIEMMbI OCHOBBIBAETCS HAa TeOpeMe 23.

Jlemma 27 /[na nr06020 noomnoxcecmea J C P cnpaseonugo:

N(M(J))=R(J)Q(K(J))=L(J).

Jloka3aTenbCcTBO 3TOr0 YTBEXKICHUS AHAJIOTMYHO Clydal, Korga M —
BEKTOPHOE IIPOCTPAHCTBO, CM. [4].
CnenctBuem Jlemm 26 u 27 sBIISIETCS CIEAYIOIIEE YTBEPKICHUE.
Jlemma 28 /[na nrobvix noomooyneti S v M umeem mMecmo:

N(S)=R(O(S)),0(S)=L(N(S)).

HpnMeanHe 29 U3 cxazannoeo evlule evlmexaem, 4mo N(S) — 2J1eMeHm

R(P) u O(S) — anemenm L(P); Onsaecex SeU(M).

Jlemma 30 /[na 106020 npasoeo anacunamopa He R(P) u 015 1106020 18020

anueusimopa Je L(P) cnpaseoiugo:

N(K(H))=H,Q(M(J))=J.

DOTO yTBEp)KIECHHE HCHOJIb3Ysl JeMMbl 26 W 27 J0Ka3bIBaeTCsA Kak W JJIs
BEKTOPHBIX MPOCTPAHCTB (OMATH CM. [4]).

bynem paccmarpuBath omepatopel N, K, O, M, L, R KaK OTOOpaKEeHHUS
COOTBETCTBYIOIIMX YIOPSIIOYEHHBIX MHOXECTB. MIMeeT MecTo Teopema TpeyroabHOM

teopuu ['anya.
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Teopema 31
* Onepamopwl N u K 0bpazylom 63auMHO obpamumvle aHMUu30Moppumol

YNOPAOOUEeHHbIX MHOJcecm8 (U(M ),c) u (R(P),c).

* Onepamopvi Q u M o006pa3zyiom 63aumMHO o0bpamumvle U30MOPPUIMbL

YNOPAOOUEeHHbIX MHOMcecm8 (U(M ),c) u (L(P),C).

* Onepamopol L u R 00pazyiom 83auMHo odpamumvle aHmMuu3oMophumol

YNOPAOOYEHHBIX MHOJCeCm8 (R(P),c) U (L(P),C).

* Huorcenpuseoennas ouazpamma KOMMYmMamueHa.

R
L(P L

N

B cewmeiicTBe HOI[MOI[YJIeﬁ U(M) MBI 3aMCTUM COOCTBCHHBIC IIOAMHOXKECTBA

R(P)

a4

(4

BCEX A-TIOAMPOCTPAHCTB MOAyJNs M . HampaimmBaeTcss Bompoc, O TOM KOTOpbIE
MOJAMHOXKCTBa eil Oynytr coorBerctBoBath B L(P), coorBerctBenno B R(P). Ha
OCHOBAaHHMH TEOPEMBI 14 MBI UCIIOJIB3yEM CBOMCTBA MPOEKKIMI A -IIPOCTPAHCTBA M .
IIpumeyanue 32 IIpoexyueii A-npocmpancmea M nowumaem (Kak
00WenpuHaAmo) 11000U UOEeMNOMEHbHBLI SHOOMOPPUIM A-NPpocmpancmea M .
[IpuHruMasi BO BHUMaHUE OCHOBHBIE CBOMCTBA MpOEKIM Moayie (cM. [8]) u

teopemy 14, od4eBMAHO, YTO B HallleM Cciay4dae sapa W o0pa3bl J000ro
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HUJEMIIOTEHTHOTO JHAOMOpdH3Ma (T.e. TPOCKIMU A-TIPOCTpAHCTBA M) A-

MOJIIIPOCTPAHCTBA B M .

O6o03HauyeHue 33

e CumBon L,(P) u R(P) — CEMEWCTBO BCEX JIEBBIX M IPABBIX IJIABHBIX

HICaJIOB KOJIbIIA P IMOPOXIACHHBIX UJICMIIOTHTHBIM 3JICMCHTOM.

* CUMBOJI U (M) — CEMEUCTBO BCEX MOAMOIYJIEH A-TIPOCTPAHCTBA M .

Jlemma 34 /[ns ecaxoco A-noonpocmpancmea S 6 M umeem Mecmo.

* N(S)e R (P),

* O(S)eL,(P).

Jlemma 35 Ecau JeR(P), mo K(J)eU,(M).

Teopema 36 Eciu JeL,(P), mo M(J)eU,(M).

Teneps MoxxeM chopMyIUPOBATH TEOPEMY, KOTOPasi TOBOPUT O COOTHOIIECHUIO
MEXKY YIOPSIAOUYEHHBIMU BKIFOUEHUSIMU.

Ota Teopema SIBISIETCS IOMOJHEHUEM TeopeMbl 31 u BMecTe ¢ Heil oOpa3yer
TPEYroibHyl0 Teoputo [amya 1yl HaMU M3Yy4aeMbIX A -IPOCTPAHCTB, MPHU 3TOM,
YTOUHSIET ONHMCAHUE CTPYKTYpbl CEMEWCTBA MOAMOAYJIEH A-IPOCTPAHCTBA M U
AHUTUJISITOPOB KOJIbIIA €r0 SHAOMOP(PHU3MOB B YIIOMSHYTON T€OpEME U MOCBAIIEHO A-
MOJANPOCTPAHCTBAM.

[lo cpaBHeHMIO ¢ M3BECTHBIMH BEKTOPHBIMHU IMpOcCTpaHCTBaMu (cM. [4]) wiu
TOTAJIbHO PA3JIOKUTEIBHBIX MOJyse (cMm. [28]) aTa cTpyKTypa B ONpeaesieHHOM

cMbIcie Ooraye.
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JIns  MOJHOTHI 3aMETUM, YTO COOTBETCTBHE MEXKIY YHOPSIOYEHHBIM
CEMEHCTBOM JUPEKTHBIX KOMIIOHEHT A-MOJYJISI M CEMEUCTB JICBBIX/IPABBIX HIEAJIOB
KOJIblIa SHAOMOP()U3MOB TOPOKACHHBIX HIAEMIIOTEHTOM JJii MOAYJEH Haf

IIPOU3BOJIBHBIM KOMMYTaTUBHBIM YHUTapPHBIM KOJIBLIOM 4 M3ydanach B [21].

Teopema 37

* Onepamopvr N|U, (M) a K|R(P) obpasylom e63aumHO 00Opamumbie

AHMUU30MOPPUIMbL YNOPAOOUEHHBIX MHOJCecms (U (M ),c) u (R (P).c).

* Onepamoper Q|U, (M) u M|L(P) obpasyiom 63aumHO 00Opamumbie

U30MOPPUIMBL YROPAOOUEHHBIX MHOJICcecms (U, (M ),c) a (L, (P),c).

* Onepamopwvr L|R(P) u R|L(P) obpasyiom 63aumHO 00Opamumbvie

AHMUU30MOPPUIMbL YNOPAOOUEHHBIX MHOJICECME (R (P),c) U (L,(P).C).

» Cnedyrowas ouazpamma Kommymamugua, unoexcom "0" obosnauaem

COOTBCTCTBYIOIIYIO BbIIIC ITPUBCACHHYIO PCCTPUKIUIO JAHHOT'O OTO6pa)KeHI/IH.

Ry _
Lo(P) _ Lo Ro(P)
Up (M)

CnencrBue 38 Ilycmv K — noomooynv A-npocmpancmeéa M, P — KOnbyo
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SHOOMOPPU3MO8 A-npocmpancmea M. Tozoa credyiowue Hudice npugedeHHvle
YCI08USL PABHOCUTILHBI.

* K sA811emcs A-npocmpaHcmeom 6 M,

» Cemeiicmeo 3HOOMOPDUIMO8, 00pa3 Komopwvlx codepicumcsi 6 K,
obpazyem Jnesvlll  2NasHbIll  Udedal Koabyd P, 2eHEPUPOBAHHbIL HEKOMOPbIM
UOeMNOMeHMHBIM IEMEHMOM U3 P,

* Cemeticmgo 3HOOMOPDU3IMO8, A0PO KOMOpbIX codepicum K, obpazyem
npaewvlll 21asHbvlll udean Koivyd P, 2eHEPUPOBAHHbII HEKOMOPLIM UOeMNOMEHMHbIM

dNeMenmom u3 P.
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